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Contact modelsThis paper presents an accurate model for the normal force–displacement relationship between elastic–plastic
spheres in contact for use in discrete element method (DEM) simulations. The model has been developed by
analysing thenormal force–displacement relationship between an elastic–perfectly plastic sphere and a rigid sur-
face using the ﬁnite element method (FEM). Empirical relationships are found that relate the parameters of the
new model to material properties. This allows the model to be used in the DEM for direct simulation of well
characterised elastic–plastic materials without ﬁtting parameters to experimental results. This gives the model
an advantage over models in the literature for which ﬁtting to experimental results is required. The implemen-
tation of the model into an existing DEM code is discussed and validated against the results from FEM simula-
tions. The new model shows a good match to the FEM results and the DEM implementation correctly
distinguishes between the loading, unloading and re-loading phases of contact between two spheres.
© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).1. Introduction
Granular materials are of vital importance in many industrial and
natural processes. For example they are widespread in the pharmaceu-
tical industry [1] and natural processes such as avalanches and tidal
mud ﬂows [2]. The difﬁculty and expense of large-scale experiments
involving granular ﬂows and the lack of any over-arching physical
laws to describe them means that they are ideally suited to computa-
tional study. To that end, computational modelling of granular systems
has increased signiﬁcantly in recent years [3], particularly using the
discrete element method (DEM). The main advantage of DEM is that it
gives information on the microscopic scale of individual particles,
which can be used to explore the relationship between macro- and
microscopic properties in granular materials.
Soft-sphere DEMwas originally developed by Cundall and Strack [4].
Particle deformation is modelled as an overlap of the particles for every
collision of a pair of particles. Simplemodels are used to relate this over-
lap, or displacement, to the forces acting on each particle. Newton's sec-
ond law is then used to calculate accelerations that are integrated over
small time-steps to determine the new velocities and positions of the
particles. The nature of a model and its parameterisation directly affect
the accuracy of a DEM simulation.. This is an open access article underModels are usually designed for smooth particles of regular rounded
shape and they provide force-displacement laws that account for both
normal and tangential interactions. For elastic contacts, the Hertz [5] and
Mindlin–Deresiewicz [6] models are themost commonmeans to account
for the normal and tangential components when the two contributions
can be uncoupled. Their range of application and validity has been veriﬁed
by detailed ﬁnite element (FEM) simulations and experiments conducted
using elastic spheres [7,8]. However, most materials exhibit some form of
energy dissipation, either viscoelastic or plastic, and these models are not
able to describe these behaviours. A number of both normal and tangen-
tial models have been developed for viscoelastic and elastic–plastic mate-
rials and these are summarised in a number of review papers [9–13].
Zheng et al. [14] have recently developed a comprehensive visco-
elastic model with both normal and tangential components that com-
pares well to the results obtained using detailed FEM simulations. The
model is an improvement on previous models not only because it is
accurate but also because it has parameters that can be derived directly
from material properties.
Elastic–plastic models are complex because they have to take into
account the transition between elastic and plastic behaviour and be-
tween loading, unloading and reloading stages. Most of the models
that have been developed use a piecewise approach to the different
stages—that is different force–displacement relationships are used for
elastic, elastic–plastic and unloading behaviours.
It has been shown in FEM simulations and experiments [15,16] that
the relationship between the force and displacement is non-linear forthe CC BY license (http://creativecommons.org/licenses/by/4.0/).
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plastic yield displacement. However, a number of models use linear re-
lationships between displacement and force because they are less com-
putationally expensive to calculate thus allowing the simulation of
larger systems using DEM. These include the recent models of Thakur
et al. [17] and Pasha et al. [18], which also include adhesive forces, and
the older Walton–Braun model [19], recently extended for cyclic load-
ing [20]. Broadly speaking these models and the models of Luding [21]
andWalton and Johnson [22] use linear springs, characterised by an ap-
propriate stiffness, for each part of the force–displacement relationship.
For the Thakur model stiffness values needed for a speciﬁc material are
found by comparing the results of DEM simulations to experiment and
calibrating the stiffnesses appropriately [23]. This requires experiments
to be carried out for every material to be simulated. Similar procedures
are required to ﬁnd the stiffness values for the other models or alterna-
tively the models can be ﬁtted directly to experimental results [9,20].
The Thornton [24] model has three constituent parts: non-linear
elastic loading and unloading and linear plastic loading
F ¼
−kδ3=2; δ
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The ﬁrst part is the Hertz elastic model, where k ¼ 4=3E
ﬃﬃﬃﬃﬃ
R
p
. This
gives the force up to a yield displacement
δy ¼ R
πpy
2E
 2
: ð2Þ
The second part is plastic, where py is the contact yield stress. Using
the von Mises criterion, py can be calculated from the yield stress, σy,
using py = Ay[ν]σy where Ay[ν] depends exclusively on the material's
Poisson's ratio, ν [25]. Alternatively the plastic loading is often ﬁtted to
experimental or computational results using py as an adjustable param-
eter [9,26] rather than as a theoretically determined parameter. The
third part is elastic unloading where kun ¼ 4=3E
ﬃﬃﬃﬃﬃﬃﬃ
Run
p
is the elastic
unloading constant. It is the Hertzian constant with the effective radius,
R*, replaced by the effective radius of unloading, Run⁎ to account for the
ﬂattening of the contact due to the permanent plastic deformation. It
is assumed that the ratio of the effective radii is equal to the ratio of
the maximum elastic force and the actual maximum force. Thus, Run⁎ , is
Run ¼ R
kδ3=2max
Fmax
: ð3Þ
The non-adhesive version of the Tomas model [27] is similar to the
Thorntonmodel. It uses theHertz elasticmodel up to the same yield dis-
placement. Above this displacement the loading relationship contains a
parameter, the contact area coefﬁcient, that represents the ratio of the
plastically deformed area to the total deformed area. This parameter is
0 for perfectly elastic deformation and 1 for plastic deformation (at
which point the loading relation is given by the same linear expression
as in the Thorntonmodel). Increasing this parameterwith displacement
allows the Tomasmodel to capture the non-linear nature of the force re-
sponse in the intermediate elastic–plastic regime between pure elastic
and pure plastic loading. In recent work [16,28] a ﬁtting parameter is
added to this loading relation in order to ﬁt it to experimental results.
The original Tomas model is used with a Hertzian model for
unloading [27], similar to the Thornton model but with an unchanged
radius of curvature, appropriate for ‘healing’ contacts [29]. It is also
used with an adapted radius of curvature [28] based on the work of
Stronge [30] with an additional adjustable parameter to allow ﬁtting
to experimental results.TheVu-Quoc and Zhangmodel [15] and the Li–Wu–Thornton (LWT)
model [31]were developed using FEM simulations. They are both signif-
icantly more complex than the models previously considered and both
models have to be solved numerically to obtain the force for a given dis-
placement. This means that at every time-step numerous iterations
have to be carried out for every collision in order to calculate the forces,
making them computationally expensive.
There are also a number of force–displacement models in the tribol-
ogy literature [32–35]. These are designed for much larger relative
displacements than typically seen in DEM in order to model high force
impacts, often of a single spherical object onto a near-rigid ﬂat. These
models include the analytical Brake model [32] and the empirical
Jackson and Green model [33].
The Brake model has four parts: Hertzian elastic loading, elastic–
plastic loading, purely plastic loading and elastic unloading. The plastic
loading is linear and given by the product of the contact pressure and
area. The elastic–plastic loading, between the yield displacement δy
and the displacement at the onset of fully plastic loading, δp, is given
by cubic Hermite polynomials. These depend on a series of derived pa-
rameters including δy and δp aswell as the forces at these displacements
and their derivatives. δp is related to the material hardness, H. The form
of the unloading relation is the same as that in the Thornton model
above with different expressions for Run⁎ and δmin, which depend on
the type of loading at the maximum displacement.
The Jackson and Green (JG) model has two parts: Hertzian elastic
loading and plastic loading. The plastic loading relationwas determined
empirically from FEM simulations and the parameters are directly relat-
ed to the material properties. The original model does not contain
unloading but it can be used [32,36] in conjunction with the unloading
model of Etison et al. [37] or an empiricalmodelﬁtted to the FEM results
of Jackson et al. [38]. Unlike the Brake, Thornton and Vu-Quoc and
Zhangmodels that use the Hertz elastic model up to the yield displace-
ment given by Eq. (2), the JG model uses the Hertz elastic model up to
1.9 times the yield displacement (called the ‘critical interference’ by
Jackson and Green).
Many of the models discussed suffer from limitations including the
need for calibrating or ﬁtting parameters to time consuming experi-
ments for each material to be simulated, computational expense or
being unable to replicate the non-linear nature of the force response.
In this paper a new normal force–displacement model for spherical
elastic–perfectly plastic particles that addresses some of these limita-
tions is presented. It has been developed using detailed FEM simula-
tions. Relationships between forces and displacements are derived for
the loading, unloading and re-loading stages of the contact interactions
and can be implemented into DEM without the need for complex nu-
mericalmethods. Themodel has parameters that can bederived directly
from material properties that have been independently characterised
and is designed for small relative displacements common in DEM. It is
compared with the Thornton model and the Brake and JG models.
2. Finite element simulations
2.1. Method
3D FEM simulations of the normal impact of a deformable elastic–
perfectly plastic sphere on a rigid surface are carried out in order to inves-
tigate in detail the behaviour of the sphere when in contact with the sur-
face. By symmetry the collision of a spherewith a rigidﬂat is the same as a
collision of two identical spheres with the same material properties. The
simulations are carried out using Abaqus software package [39]. Only a
small portion of the sphere, which can be seen in Fig. 2, is simulated be-
cause the contact area is very localised. The contact radius obtained dur-
ing the FEM simulations is much smaller than all other dimensions and,
therefore, the remote boundaries do not affect the solution. This is the
method employed by Zheng et al. [14] and they show that using a portion
instead of the whole sphere has very little impact on the results of the
Fig. 1.The force–displacement curve for the initialmaterial (Table 1) and thepressure proﬁle at the indicatedpoints in the loading cycle. r is the distance from the centre of the contact area.
4 D. Rathbone et al. / Powder Technology 282 (2015) 2–9simulations. The simulations are carried out using a quasi-static approach,
where themotion of the sphere is controlled via well-deﬁned boundary
conditions. This is suitable for the majority of the situations encoun-
tered in conventional applications and in-service loading, where
materials are perfectly plastic or show rate-independent hardening
behaviour. The meshing technique is also very similar to that used
by Zheng et al. but is characterised by a denser mesh in the contact
area. The sphere portion is meshed with 52497 C3D8 elements.
The plasticity is modelled using the inbuilt routine in Abaqus which
allows the user to specify the yield stress and, if required, the stress–
strain curve above the yield stress. For perfectly plastic materials only
the yield stress is needed. The elastic behaviour of the sphere is speciﬁedFig. 2. The contact area shownwithin the sphere portion. The contours show the pressure
across the contact area at the maximum displacement, 0.0001 mm, for the material with
the initial properties in Table 1.by the Young's modulus and Poisson's ratio. Table 1 shows the initial
values of these parameters and the range across which they were
varied. The relationship between the Young's modulus and yield stress
is kept roughly linear to mimic the response of some observed real ma-
terials [40] and to make sure that plastic deformation is reached for the
small displacements studied and typically found in DEM simulations.
2.2. Development of the new model
The nature of the behaviour of an elastic–plasticmaterialmeans that
the model must be able to capture ﬁve components of the force–
displacement response: elastic loading, elastic–plastic loading, plastic
loading, unloading and re-loading.
2.2.1. Elastic loading
The elastic loading is described by the Hertz contact model until the
normal yield displacement, δy, is reached, above which plastic loading
begins, as in the Thornton, Vu-Quoc and Zhang and Brake models. δy is
given by Eq. (2) and py is determined through its relationship with
Poisson's ratio, ν, as discussed above. Ay[ν] can be easily tabulated for
use in a DEM code because it has a single value for each value of ν.
2.2.2. Elastic–plastic and plastic loading
To consider the elastic–plastic and plastic regions the ﬁrst step is to
study the pressure distribution across the contact area, after plastic
yield, using FEM simulations. Fig. 1 shows the evolution of the pressure
proﬁle on a path through the contact area as the normal force increases.
The intermediate region immediately above the yield displacement but
before fully plastic loading is elastic–plastic loading. Here the pressure
proﬁle has characteristics of both elastic and plastic behaviour. The
pressure across the contact area increases through this region and
then tends towards a constant value. Constant, uniform pressure across
the contact is a sign that loading has reached the plastic region and
plastic deformation has reached the surface of the sphere [32,41]. At
this stage the force can be approximated by the product of this pressure
and the contact area. Fig. 2 shows a contour plot of the contact pres-
sure for a material with the initial properties shown in Table 1 at a
displacement of 0.0001 mm, which is above the yield displacement
of 1.8 × 10−5 mm. These numerical results show typical pressure
contours obtained in the plastic region. The contact pressure isTable 1
Parameters used in the FEM simulations.
Variable Initial value Variation range
Radius, R 0.1 mm –
Young's modulus, E 6100 MPa 100–26,000 MPa
Poisson's ratio, ν 0.0 0.0–0.495
Yield stress, σy 40 MPa 0.405–160 MPa
Fig. 3. The contact area shown within the sphere portion. The contours show the von
Mises stress at the maximum displacement, 0.0001 mm, for the material with the initial
properties in Table 1. The areas where the stress is above the yield stress are shown in
grey.
Fig. 4. The contact area shown within the sphere portion. The contours show the plastic
strain at the maximumdisplacement, 0.0001mm, for thematerial with the initial proper-
ties in Table 1.
Fig. 5. Variation of pressure at the centre of the contact area above the yield displacement
for a spherewith the properties E*=26GPa, ν=0.3,σy=160MPa. The solid black line is
a ﬁt to the plastic pressure using Eq. (4). As the ﬁt is made only above the yield displace-
ment, only these data are shown.
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the contact. Figs. 3 and 4 provide further evidence that the plastic
deformation has reached the surface of the sphere at this displace-
ment. They show the von Mises stress and the maximum principle
plastic strain, respectively. The parts of the contact area where the
stress is above the yield stress correspond to the parts that show
plastic strain. The greatest plastic strain is seen underneath the sur-
face in the area where yield ﬁrst took place.
Elastic–plastic loading and plastic loading are often considered as
just plastic loading, as in the Thornton model. However, it is important
to correctly describe the force–displacement in themixed region as this
is non-linear whereas in the plastic region it is linear.
The approach taken with the new model is to calculate the force as
the product of the contact area and uniform pressure. The value of this
uniform pressure is described by a function that tends to a constant
value as displacement increases. In order to correctly describe the
mixed region when the pressure is not uniform across the contact
area a reduced contact radius is used—i.e. the contact radius as it
would be if the pressure were uniform. Both the pressure and reduced
radius are obtained using the results of FEM simulations.
The following equation for the pressure at the centre of the contact
area above the yield displacement is formulated based on the FEMresults:
p ¼ D arctanbδ; ð4Þ
A number of materials with different properties across the wide
range shown in Table 1 are simulated andEq. (4) isﬁtted to the pressurecurve of each one using D as an adjustable parameter. The ﬁt made for
the material properties E* = 26 GPa, ν= 0.3, σy = 160 MPa is shown
in Fig. 5. The quality of the ﬁt is slightly less than might be expected
because the parameter b is ﬁxed by the physical constraints of the
model (see below) and so cannot be freely varied. However this
does not adversely affect the overall model as shown in Section 3.
Taking these values of D and performing a least squares ﬁt using
Fig. 7. Linear relation between the reduced contact radius parameter c and the ratio of
equivalent Young's modulus to yield stress. R2 = 0.999984.
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and the yield stress, for the range of materials ﬁtted, that varies sole-
ly as a function of Poisson's ratio
D ¼ 1:22þ 0:69νð Þσy: ð5Þ
The value of b is ﬁxed by the constraint that the pressure must equal
the maximum Hertzian pressure at the yield displacement δy
b ¼ 1
δy
tan
Ay ν½ 
1:22þ 0:69νð Þ : ð6Þ
Fig. 6 shows the reduced contact radius for one of thematerials sim-
ulatedwith E*=26GPa,ν=0.3,σy=160MPa. The following equation
is formulated for the radius based on the FEM results
a ¼ cδþ d δ
δy
 !z
; ð7Þ
where c is a adjustable parameter related to the ratio of the equivalent
Young'smodulus to the yield stress. The parameter c is found for a num-
ber of materials (Table 1) and a linear relationship (Fig. 7) is found be-
tween c and ((1 − ν2)E*)/σy) by using the Mathematica package to
perform least squares ﬁtting
c ¼ 1:43þ 0:061
1−ν2
 
E
σy
0
@
1
A: ð8Þ
The parameter d is ﬁxed by the constraint that the radiusmust equal
the Hertzian radius at the yield displacement δy
d ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
3
δyR

r
−cδy: ð9Þ
The exponent
z ¼ 0:5þ 0:3ν 2:56 ð10Þ
can be tabulated for easy use in a DEM code, much like the parameter
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Fig. 6. The reduced contact radius above the yield displacement for a material with prop-
erties E* = 26 GPa, ν=0.3, σy=160MPa. The solid black line is a ﬁt to the using Eq. (8).
As the ﬁt is made only above the yield displacement, only these data are shown.Combining these expressions for pressure and the reduced contact
radius gives the following equation for the plastic loading force
F loadingplastic ¼−π D arctan
1
δy
tan
Ay ν½ 
ð1:22þ 0:69νÞ
 !
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δ
δy
 !z( )2" #
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Using Eqs. (5), (8) and (10) for D, c and z, respectively the parame-
ters for the force can be easily found from the material properties E, ν
and σy, which are well characterised for common materials. This is
even the case when the properties lie outside the range used to ﬁnd
these relationships (see Section 3). This makes the model ideal for use
in DEM simulations because any elastic–plastic material can be simulat-
ed without lengthy ﬁtting of parameters to experiments or ‘on-the-ﬂy’
adjustment of parameters.
At large relative displacements in the fully plastic region it is likely
that the newmodel will diverge from the actual force–displacement re-
sponse as seen at large displacements in othermodels designed for DEM
[32]. This is because themodel will need to transition to using the actual
contact radius rather than the reduced contact radius. A simple sigmoi-
dal transition function from the reduced radius to the actual radius can
be added in order for the model to be used for larger relative
displacements.
2.2.3. Unloading
An expression for the unloading force is required that takes into ac-
count the permanent plastic deformation. The energy released during
unloading is shown by previous FEM simulations to be elastic [42,41]
but it does not follow the Hertz model because the effective radius of
curvature, R*, changes as the contact area is ﬂattened by permanent
plastic deformation [15,41]. Therefore, the adapted version of the
Hertzian model with a new effective radius, Run, which has been widely
used in other models [24,28,32,36], is utilised
F unloading ¼−4
3
ﬃﬃﬃﬃﬃﬃﬃ
Run
p
E δ−δminð Þ3=2 ð12Þ
A new equation relating the effective radius of unloading, Run⁎ , and
the material properties is found by the following method
• For each material simulated 4=3
ﬃﬃﬃﬃﬃﬃﬃ
Run
p
E δ−δminð Þ3=2 , with Run⁎ the
adjustable parameter, is ﬁtted to a series of unloading curves with
different values of the maximum displacement.
• A linear relationship, Run⁎= R*(1 + u(δmax− δy)), between the effec-
tive radius of unloading and the maximum displacement is found for
each material. This gives a value of u for each material.
• The relationship between u and thematerial properties is found, with
u dependent on the yield displacement and Poisson's ratio as shown
in Fig. 8.
Fig. 8. Relation between the parameter u in the effective radius of unloading and the yield
displacement at different values of Poisson's ratio.
Fig. 10. Comparison of DEM and FEM (black dots) force–displacement curves for E* =
26 GPa, ν= 0.3, σy = 160 MPa. Also included are the Brake and JG models.
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Run ¼ R 1þ 0:195þ 0:23νð Þ
1
δy
 !
δmax−δy
 " #
: ð13Þ
The permanent plastic deformation, δmin, can be found by using the
fact that the loading and unloading forces must match at Fmax
δmin ¼ δmax−
Fmax
4
3
ﬃﬃﬃﬃﬃﬃﬃ
Run
p
E
0
B@
1
CA: ð14Þ
2.2.4. Reloading
The ﬁnal component that the model needs to capture is re-loading.
In a typical multi-body DEM simulation of many particles it is likely
that a particlewill undergo re-loadingduring a collision—i.e. the particle
will undergo further loading before unloading has been completed.
Fig. 13 shows reloading from a FEM simulation (material properties in
this example: E* = 8.5 GPa, ν = 0, σy = 50 MPa). When reloading
takes place it follows the unloading curve to the previous maximum
displacement (if it was above the yield displacement) after which
further loading takes place along the original loading curve. This type
of behaviour has also been seen in FEM simulations by Yan and Li [41].
Therefore, both loading and unloading components need to be used
for re-loading. As discussed in Section 3, this becomes a problem to beFig. 9. Comparison of DEM and FEM (black dots) force–displacement curves for E* = 26
GPa, ν= 0, σy = 160 MPa. Also included for comparison are the Thornton model and
Thornton Fit—the Thorntonmodelwhere the parameter py has been found through ﬁtting
the model to the FEM results.tackled in the implementation of the model into a DEM code—that is
the code must correctly choose the unloading term to calculate forces
during re-loading and the loading term for fresh loading.
3. DEM implementation
Themodel has been implemented in a small test code that simulates
the impact of a sphere with a rigid surface and the existing DEM code
MultiFlow [43]. Implementation does not require iterative or numerical
procedures to compute individual particle–particle interactions at each
time step (as in the Vu-Quoc and Zhang and LWT models) and the ma-
terial properties are speciﬁed in an input ﬁle and the code automatically
calculates the values of the required model parameters. A number of
test cases are detailed below where the DEM results are compared
with FEM simulations and existing models.
Figs. 9, 10, 11 and 12 show comparisons between the force–displace-
ment response obtained using the proposed model within the test code
and the results of a FEM simulation of an elastic–perfectly plastic sphere
indenting a rigid surface. Thematerials are deﬁned by Young'smodulus,
Poisson's ratio and yield stress in both FEM and DEM cases and the
properties are varied across a wide range. The new model matches
very well with the FEM results, in particular correctly capturing im-
portant parts of the response including the maximum force and the
residual deformation.
Fig. 9 also includes two versions of the Thornton model for compar-
ison: the original model [24] where the parameter py is found through
the theoretical relationship with the yield stress, σy and the adapted
model where the parameter py is found by ﬁtting to the FEM loading
curve [9]. In both cases the permanent plastic deformation, δmin, isFig. 11. Comparison of DEM and FEM (black dots) force–displacement curves for E* =
6.1 GPa, ν= 0.0, σy = 40 MPa. Also included is the JG model.
Fig. 12. Comparison of DEM and FEM (black dots) force–displacement curves for twoma-
terials not used in the development of the model. (a) Inside the range in Table 1 (E* =
7 GPa, ν = 0.3, σy = 45 MPa) and (b) outside that range (E* = 35 GPa, ν= 0.3, σy =
200 MPa).
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equal at the maximum displacement. It is clear that the original Thorn-
ton model is too compliant and inadequate in replicating the force–
displacement relationship. The maximum force is considerably under-
estimated and the permanent plastic deformation is over-estimated.
The ﬁtted Thornton model performs better, qualitatively matching
the FEM results. However, it under-estimates the permanent plasticFig. 13. Example of loading, unloading and reloading from FEM (black) and DEM (red)
simulation. Properties in both simulations: E* = 8.5 GPa, ν= 0, σy = 50 MPa.deformation and it is also unable to capture the non-linear nature of
the elastic–plastic loading force. The ﬁtted non-linear Tomas model is
not shown because it only shows a slight improvement over the ﬁtted
Thornton model and is still close to linear. The new model is able to
accurately capture the non-linear trend. The newmodel also has param-
eters that do not need to be found by ﬁtting to FEM results. This means
that it can be used to perform DEM simulations of any elastic–plastic
material with known values of E, ν and σy without doing time-
consuming FEM simulations ﬁrst.
Fig. 10 also includes the Brake and JG models for comparison. The
Brakemodel requires the extra parameter p, which is a function of hard-
ness, as well as E, σy and ν. In this case p= 2.8σy has been used. The JG
model with the ﬁtted unloading relation, as formulated in Jackson et al.
[36], is used. The Brake model matches the FEM results well; however,
there are a number of factors that make it unsuitable for use in large
scale DEM simulations ofmanyparticles. Calculating the effective radius
of unloading, Run⁎, requires ﬁnding a cubic root, which becomes very
computational expensive when dealing with hundreds or thousands
of interactions per timestep. Unloading from the elastic–plastic regime
also requires the numerical calculation of a derivative in order to ﬁnd
Run⁎ adding to the prohibitively high computational expense in the sim-
ulation of a large number of interactions. The JGmodel alsomatches the
FEM results well, however this is not the case for all possible material
properties, as can be seen for the material properties in Fig. 11. Another
problemwith the JGmodel is that there is a clear discontinuity between
the elastic loading and plastic loading sections. While in Fig. 11 the dis-
continuity is relatively small and in Fig. 10 it is negligible there is no rea-
son for it to be so for all possible material properties. It could cause
problems in a DEM implementation, especially if there are repeated
loading, unloading and reloading cycles close to the discontinuity.
In the examples discussed so far the force–displacement responses
are calculated using the newmodelwithin the test code, without ﬁtting.
However they are all for materials ﬁtted to in the development of the
model. Therefore to further validate the new model it is compared in
Fig. 12 to the FEM results for twomaterials that were not used in its de-
velopment. One of these is inside the range of material properties used
(Table 1) and one is outside this range. As with the other examples the
modelmatches verywellwith the FEM results showing that it is suitable
for simulatingmaterialswith awide range of properties, including those
not used to develop the model.
In the FEM results, as discussed above, re-loading follows the
unloading curve and this needs to be correctly dealt with when imple-
mented in the DEM code. In this case it is implemented successfully in
MultiFlow by storing a small number of parameters (including maxi-
mum displacement and maximum force) between time-steps. This
gives the code enough knowledge of the loading history to pick the cor-
rect loading/unloading/reloading curve at each time-step. An example
can be seen in Fig. 13. There is a very good qualitative match between
the DEM and FEM results and the DEM correctly follows the unloading
curve during reloading up to the maximum previous displacement
before undergoing fresh loading on the original loading curve.
The implementation of the model is such that when the force
reaches zero after unloading there is still an overlap between the parti-
cles (the permanent plastic deformation). The code therefore treats this
as an existing contact but the force will remain zero while the displace-
ment is between zero and δmin. Once the displacement reaches zero
there is no longer a contact and the particles will again be treated as
spherical with no permanent plastic deformation. This is for two rea-
sons: ﬁrstly it is not computationally feasible to store a complete defor-
mation history for each particle if simulations of large numbers of
particles are to be carried out and secondly even if this information
was stored if contacts do not occur again at the same point it would
be necessary to deal with contacts that are partly fresh and partly plas-
tically deformed,whichwould be very complex. Further large scale sim-
ulations using the model will be able to show if this lack of permanent
deformation reduces the accuracy of the results when compared to
9D. Rathbone et al. / Powder Technology 282 (2015) 2–9experiment. It is possible that other factors, such as treating the particles
as perfect smooth spheres, will have a bigger impact on the accuracy of
the results. Future improvements of the model and its implementation
can be based on an analysis of which changes will give the biggest
improvement in terms of accuracy in large scale simulations.
Future work will focus on developing a more general contact model
that also includes a tangential force component. The model will ﬁrst be
implemented with existing elastic tangential models, for example
Mindlin–Deresiewicz [6], and compared with FEM simulations to
identify how existingmodels can be improved to account for plastic-
ity. The model will also be experimentally validated by comparing
the results of DEM simulations with bulk compression experiments
of well characterised materials.
4. Conclusions
Anewmodel for the normal impact of elastic–perfectly plasticmate-
rials has been presented and its implementation into an existing DEM
code has been discussed. It matches the results from FEM simulations
and the DEM implementation has been seen to correctly switch
between loading, unloading and reloading curves. The model has pa-
rameters that are directly derivable from the material properties E, ν
and σy allowing any elastic–plastic material where these properties
are known to be simulated without the need for parameter ﬁtting. The
model is implemented and validated in a DEM code without the need
for complex numerical methods making it computationally efﬁcient
and ideal for the simulation of systems involving a large number of par-
ticles. Although thework presented in this paper refers to small relative
displacements, the extension of the model to large displacements is
straightforward as mentioned in Section 2.2.2.
Nomenclature
1
E
¼ 1−ν
2
i
Ei
þ 1−ν
2
j
E j
ð15Þ
1
R
¼ 1
Ri
þ 1
Rj
ð16Þ
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